An analytical and computational model for non-reactive solute transport in periodic heterogeneous media with arbitrary non-uniform flow and dispersion fields within the unit cell of length ε is described. The model lumps the effect of non-uniform flow and dispersion Solutions with sub-unit-cell accuracy can be constructed by homogenized solutions and its spatial derivatives. A numerical implementation of the model compared with direct numerical solutions using a fine grid, demonstrated that the new method was in good agreement with direct solutions, but with significant computational savings.
I. Introduction
Solute transport in quasi one-dimensional systems or in a propagating quasi-planar front is often described by the one-dimensional advection-dispersion equation,
where ( ) , c x t is the solute concentration at position x and time t, V is the advection velocity and D is the dispersion coefficient. The dispersion equation describes the average concentration in the dispersion front, but significant concentration fluctuations, not described by the dispersion equation, may exist in the dispersion front, particularly at high Péclet numbers. For example, in high Péclet numbers dispersion experiments by Måløy et al. [1] found that Eq. (1) describes the average concentration field in a porous medium that is inhomogeneous on short length scales and homogeneous on long length scales, even though isoconcentration contours in the dispersion front were self-affine. The advection-dispersion equation (1) is used extensively in subsurface hydrology, chemical engineering, environmental science, and petroleum engineering to describe the spatial and temporal variation of non-reactive solute concentrations. In the simplest model for solute transport in homogeneous media with uniform flow and dispersion (V and D are constants), the linear one-, two-, and three-dimensional advection-dispersion equations can be solved with given initial and boundary conditions. For some simple cases, analytical solutions have been compiled in various books [2] [3] [4] . However, solute transport in non-uniform flow and dispersion fields, where both V and D are position and/or time dependent, is more relevant to most practical applications. For example, simulation of the migration of contaminants with ground water flow in variable aperture fracture and/or porous media often requires position and/or time dependent flow and dispersion coefficients.
A number of analytical solutions have been developed for time-dependent transport coefficients [5] [6] [7] , and even more solutions for position-dependent transport coefficients can be found in the literature [8] [9] [10] [11] . Most of these solutions assume a simple form (such as linear or exponential) for the time or position dependence of the transport coefficients in an infinite or semi-infinite heterogeneous media. The purpose of this paper is to introduce a novel homogenization method to investigate the effective properties of heterogeneous media with non-uniform flow and dispersion field based on our previous studies on the homogenization method development [12] [13] [14] [15] . In this paper, the heterogeneous porous media is represented by a spatially periodic array with a unit cell of length ε , as shown in Fig. 1 
II. Formulation of the Model
We start from the standard solute transport equation with uniform transport coefficients given in Eq. (1). The general solution has the Fourier form
where k is the wavenumber, ( ) 
can be obtained. The next step is to derive a similar relationship for the k-dependent frequency ω for a periodic heterogeneous media with position-dependent transport coefficients using a Floquet-Bloch approach [16, 17] . Within the unit cell, the advectiondispersion equation has the form (
The concentration ( ) , c x t can be expressed in a general Fourier form
where ( ) , k c x t is the concentration corresponding to the wavenumber k,
( ) , A k y is the k-and y-dependent concentration amplitude within the unit cell. In this and subsequent equations, ( ) A y is used instead of ( ) , A k y to simplify the notation. Equation (6) can be reduced to Eq. (3), where ( ) 1 A y = for constant velocity V and dispersion fields D.
( )
A y is used to describe the influence of microscopic heterogeneity [16, 17] and it should be a periodic function of ( ( ) ( ) 1 
A y
A y = + ) for periodic heterogeneous fields. Based on Eq.
(6), the first order derivatives with respect to x and t are given by
and
Substitution of these derivatives into the advection-dispersion Eq. (5) leads to the
for any wavenumber k, where ( ) q y is the k-and y-dependent amplitude of the concentration flux defined as,
Here both D(y) and V(y) are position-dependent fields within the unit cell. It is clear that A , ω , and q are all k-dependent quantities and they can be expanded as Taylor series with respected to the scale parameter ε (with respect to wavenumber k for the expansion of ...ε ε ε ε
where the expansion coefficients n c (n=1,2) in Eq. (13) , which will be needed later, are not position dependent (y-dependent) and can be related to the effective transport coefficients through a direct comparison between Eqs. (13) and (4) 
between n q and n A can be obtained by substituting expansions (14) and (12) into Eq. (11).
Substituting expansions (12)- (14) into Eq. (10) yields the following equations for n q for each order of ε :
1 ε : 
The boundary conditions at the edges of the unit cell must be considered. The concentration continuity condition at the boundary (due to the periodicity) requires that
By using the expansion (12) , this relationship leads to 
and this relation will be used later. Solutions for Eqs. (16)- (19) at each order of ε with boundary conditions (21)- (22) 
In Eqs. (24)- (28), the average advection velocity  V (different from the effective velocity e V )
is given by
and the average dispersion coefficient
given by
Note that the average dispersion coefficient  D does not depend on the velocity field V(y).
However, the 1/D weighted average advection velocity  V depends on the dispersion field D(y). Both  V and  D are scale-independent (not dependent on the heterogeneity scale ε ). 
where ' y is a dummy variable introduced for integration. It is clear that the function 1 F satisfies ( )
and 1 G satisfies ( )
Since our objective is to seek the expansion coefficients n c that will be used to determine the effective properties for upscaling, the volume average operator should be applied to the governing Eq. (10), which gives
and this equation requires that
where the quantities n B are defined in Eqs. (16) Finally, the first two coefficients of n c can be obtained from Eq. (38).
For B2
and for B3
where the heterogeneity parameter α in Eq. (40) is given by
and the function ( )
All of these quantities depend only on the fields ( ) V y and ( ) D y , not on the scale ε . By substituting the expressions for 1 c and 2 c given in Eqs. (39) and (40) into the expansion (13) , it can be shown that
where the dimensionless Péclet number e P is defined as It can be easily verified that for a constant dispersion field ( )
For a constant flow field ( )
and for non-uniform fields that satisfies ( ) ( )
All three cases are equivalent to solute transport in homogeneous media because Eqs. In contrast to Taylor dispersion for which the effective dispersion coefficient scales as 2 e e D P ∝ , both effective properties depend linearly on Pe (for small Pe) and are scaledependent (dependent on ε through Pe). Scale-dependent dispersion in subsurface transport has been frequently observed and investigated by numerous researchers [18] [19] [20] , and is also demonstrated with numerical examples in the next section through variation of Pe. The model provides a potential mechanism for scale-dependent dispersion in heterogeneous permeable media on scales that are much longer than the scale of the heterogeneity.
IV. Numerical Validation and Discussion
To assess the accuracy of the upscaled advection-dispersion equation (46) First, non-uniform flow and dispersion fields were chosen. Zoppou and Knight [21] obtained analytical solutions for non-periodic one-dimensional dispersive transport with 
and  ( ) ( )
can be obtained from Eqs. (29) and (30), and the Péclet number is given by ( ) ( ) 
and γ can be greater than one or less than one depending on the sign of α .
In the first numerical example, the reference solution was obtained using a very fine mesh with 1000 N = corresponding to a mesh size of Δx=0.001m. The transport solution was also obtained using a much coarser mesh ( 100 N = corresponding to a mesh size of Compared with the transport solution for a = 0.0, which is also shown in Fig. 3 , it is obvious that a positive a leads to larger effective dispersion and advection coefficients and a negative a gives smaller effective dispersion and advection coefficients. The computed effective properties are 
With these effective properties, the homogenized Eq. (46) 
to the homogenized equation (46) 
However, it is possible to construct more accurate solutions with sub-cell accuracy. By using Eq. (6), where amplitude function A can be substituted using Eqs. (12), (24), (26), and (28), namely solutions of n A at different orders. For example, we can choose
Substitution of Eq. (61) into Eq. (6) leads to the total solution with sub-cell accuracy
It can be easily shown that ( ) , c x t can be further written in terms of the homogenized solution e c (zeroth order of ε ) and its derivative, ( ) 
With given velocity and dispersion fields in this numerical example, we can compute
The total solution ( ) 
IV. Conclusion
Solute transport in periodic heterogeneous media with non-uniform velocity and dispersion fields was studied through the method of homogenization, and the effective transport properties were derived. A dimensionless microscopic heterogeneity parameter α can be defined to quantitatively represent the effect of microscopic heterogeneity on the 
